We in this paper de ne the outer-Perron-Frobenius splitting, which is an extension of the pseudoPerron-Frobenius splitting de ned in [A.N. Sushama, K. Premakumari, K.C. Sivakumar, Extensions of Perron-Frobenius splittings and relationships with nonnegative Moore-Penrose inverse, Linear and Multilinear Algebra 63 (2015) 1-11]. We present some criteria for the convergence of the outer-Perron-Frobenius splitting. The ndings of this paper generalize some known results in the literatures.
Introduction and preliminaries
(see [10] ). In [7] , a new type of splitting, called a Perron-Frobenius splitting, was proposed as follows. to de ne a new and more general type splitting of a matrix and investigate the criteria for the convergence of this splitting. This work is organized as follows. In the rest of this section, we will give some notations and results for later discussion. In Section 2, we de ne the outer-Perron-Frobenius splitting and obtain several necessary conditions and su cient conditions for convergence of an outer-Perron-Frobenius splitting. Moreover, we present the existence of solutions or positive solutions of the equation Ax = under the condition
The notion of a {T, S} splitting plays a crucial role in characterizing various types of monotone matrices. Let us recall its de nition.
De nition 1.3. [4, 6] Let A ∈ C m×n , and T and S be subspaces of C n and C m , respectively. Then the splitting 
. Similarly, A ( )
and N(U * ) = S, and
Next, we recall the notions concerning eventually nonnegative (positive) matrix.
De nition 1.4. [8, De nition 2.2] A matrix A ∈ R n×n is called eventually nonnegative (positive), denoted by
denote the smallest such nonnegative integer by k = k (A) and refer to it as the power index of A with respect to eventual nonnegativity (positivity).
The following known result, needed later in the paper, show the relation of the above de nitions. (ii) A is eventually positive; (iii) A * is eventually positive. Now, we introduce new notion. Here we substitute an outer inverse for the inverse in the Perron-Frobenius splitting proposed in [7] . The notion extends that of the pseudo-Perron-Frobenius splitting presented in [9] , in which the inverse was replaced by the Moore-Penrose inverse in the Perron-Frobenius splitting. De nition 1.8. Let A ∈ C n×n and k = max{Ind(A), Ind(U)}. A splitting A = U − V of A is said to be
, and U d V ≥ and is not nilpotent.
Finally, we use the following lemmas to end the section. 
Proof. To show the necessity, owing to u l = max{|u i |, i = , · · · , n}, it follows that | u i |≤ u l < , and then − | u i |> . Thus,
For the su ciency, since
The proof is complete.
Main results
Now we characterize results regarding the Perron-Frobenius splitting and the relationship with outer inverses. We formulate the following auxiliary result. 
hold.
Proof. By Lemma 1.1, 
T,S V).
≥ by the argument above. So 
Since um ≥ u λ > , it follows from the above inequality
which implies u λ ≥ um. Therefore we obtain u λ = um = ρ(U ( )
In fact, either in (2.1) implies that A ( ) T,S V has the Perron-Frobenius property, and they are also equivalent to each other. Now we state main result, which extends [9, Theorem 2.1] to an outer inverse and includes the necessary and su cient conditions for the convergence of an outer-Perron-Frobenius splitting.
Theorem 2.2. Let A ∈ C m×n , and T and S be subspaces of C n and C m , respectively. If A = U − V is an outer-

Perron-Frobenius splitting of A, then the following conditions are equivalent:
(i) ρ(U ( ) T,S V) < ; (ii) A ( )
T,S V has the Perron-Frobenius property;
(iii) ρ(A ( ) T,S V) = ρ(U ( ) T,S V) − ρ(U ( )
T,S V)
. 
Suppose that x ≥ is an eigenvector corresponding to the eigenvalue ρ(U ( )
T,S V). Then the conditions above, are further equivalent to:
(iv) A ( ) T,S Ux ≥ x; (v) A ( ) T,S Vx ≥ U ( ) T,S Vx. Moreover, Aum − um = max u j − u j : u j ∈ σ(U ( ) T,S V) ( ) T,S
51
By the proof of Theorem 2.1, ρ(A
(ii)⇒ (i) and (iii): By Theorem 2.1.
T,S V)x, and then
As a result, A ( ) 
T,S Vx if and only if ρ(U ( )
, we have the following corollary.
Corollary 2.2. Let A ∈ C m×m , and A = U − V be a Drazin-Perron-Frobenius splitting of A. Then the following conditions are equivalent:
Suppose that x ≥ is an eigenvector corresponding to the eigenvalue ρ(U d V). Then the conditions above, are further equivalent to:
The following is regarding the outer-nonnegative splitting.
Theorem 2.3.
Let A ∈ C m×n , T and S be subspaces of C n and C m , respectively, and A = U − V be an outer-
T,S V). Assume U(K) ⊆ K and U ( )
T,S K ⊆ K. Then the following statements are equivalent:
T,S y, where y ∈ K. Since y = At + s ∈ AT ⊕ S where t ∈ T and s ∈ S = N(A and
, we get the following results from Theorem 2.3. 
Then the following statements are equivalent:
Corollary 2.4. Let A ∈ C n×n , and A = U − V be a Drazin-nonnegative splitting of A.
Successively, we formulate other necessary conditions and su cient conditions for ρ(U 
T,S V possesses the Perron-Frobenius property. There exists an eigenvector z ≥ such that
T,S V)
. Thus, z ∈ K and then A ( )
, which implies, by Lemma
T,S V) < , and then (i) and (ii) hold by the argument above. The next two corollaries follow from the above theorem. 
Consider the following statements: 
A singular matrix A, which allows an outer-positive splitting A = U − V, has properties which are analogous to those of pseudo-positive splitting given in [9] . This is shown below. 
